In this paper, the connection between the path integral representation of propagators in the coherent state basis with additional degrees of freedom [28] and the one without any such degrees of freedom [29] is established. We further demonstrate that the path integral formalism developed in the noncommutative plane using the coherent state basis leads to a quantum mechanics involving a Chern-Simons term in momentum which is of noncommutative origin. The origin of this term from the Bopp-shift point of view is also investigated. A relativistic generalization of the action derived from the path integral framework is then proposed. Finally, we construct a map from the commutative quantum Hall system to a particle in a noncommutative plane moving in a magnetic field. The value of the noncommutative parameter from this map is then computed and is found to agree with previous results. [25] has been one of the intense areas of research owing to a continuous search for a consistent theory of quantum gravity. A key feature of these theories (like other theories of quantum gravity such as string theory) is that they admit a description in terms of extended objects, as first pointed out in [26] where a mapping to electric dipoles moving in a magnetic field was established. However, to get a deeper insight of the notion of physical extent and structure, one has to pay careful attention to the formal and interpretational aspects of noncommutative quantum mechanics. These aspects were formulated in [27] by viewing noncommutative quantum mechanics as a quantum system represented on the space of Hilbert-Schmidt operators acting on noncommutative configuration space. A path integral formulation was also developed, which clearly demonstrated the nonlocal nature of noncommutative theories. Based on these investigations, it was shown in [28] that there exists two equivalent pictures in position representation: a constrained local description in position containing additional degrees of freedom and an unconstrained nonlocal description in position without any other degrees of freedom. Both these descriptions clearly point towards the notion of extended objects.
In the last decade, quantum mechanics on the noncommutative plane [1] - [15] and noncommutative quantum field theory [16] - [25] has been one of the intense areas of research owing to a continuous search for a consistent theory of quantum gravity. A key feature of these theories (like other theories of quantum gravity such as string theory) is that they admit a description in terms of extended objects, as first pointed out in [26] where a mapping to electric dipoles moving in a magnetic field was established. However, to get a deeper insight of the notion of physical extent and structure, one has to pay careful attention to the formal and interpretational aspects of noncommutative quantum mechanics. These aspects were formulated in [27] by viewing noncommutative quantum mechanics as a quantum system represented on the space of Hilbert-Schmidt operators acting on noncommutative configuration space. A path integral formulation was also developed, which clearly demonstrated the nonlocal nature of noncommutative theories. Based on these investigations, it was shown in [28] that there exists two equivalent pictures in position representation: a constrained local description in position containing additional degrees of freedom and an unconstrained nonlocal description in position without any other degrees of freedom. Both these descriptions clearly point towards the notion of extended objects.
In this paper, we proceed to derive the path integral representation and the action for a particle using coherent states containing additional degrees of freedom. We follow the standard approach of introducing momentum completeness relations [29, 30] to derive this representation. The advantage of doing this is that it leads to a phase-space representation of the path integral. We also point out that this action has a structure very similar to the action involving an auxiliary field considered in [29] . As a matter of consistency, we quantize this system by noting that it is a second class constrained system and recover the noncommutative Heisenberg algebra. The connection between this path integral picture with the one formulated earlier in [29] without any additional degrees of freedom is then established. The free particle propagator involving the coherent states with additional degrees of freedom is computed next from which the propagator in the coherent state basis (without any additional degrees of freedom) is recovered. We then observe that the path integral formulation on the noncommutative plane in the coherent state basis naturally leads to a noncommutative Chern-Simons quantum mechanics. This is shown by first obtaining the phase-space representation of the path integral in the coherent state basis |z). Interestingly, one finds that the action contains a Chern-Simons term in momentum thereby making it similar in form with the path integral in |z, v) coherent state basis. Indeed, such a theory was considered earlier in [11] , [31] where the Chern-Simons term in momentum was put in by hand in order to make a transition from a commutative theory to a noncommutative theory. However, the path integral formulation presents a clear justification of introducing such a term (of noncommutative origin) in the Lagrangian. This observation is completely new and has been missing from the existing literature. It also demonstrates that there is a subtle connection between the origin of the Chern-Simons term in momentum and the Voros star product. We also obtain the phase-space representation of the path integral for a particle in the noncommutative plane in the presence of a magnetic field. This leads to an action for a particle in a magnetic field augmented by the Chern-Simons term in momentum. We then try to understand the origin of this term from the Bopp-shift view point. It is observed that replacing the position coordinate in the first order form of the action by the Bopp-shifted position coordinate gives rise to this term. An action for a relativistic particle in the noncommutative plane is then written down by a straight forward generalization of the non-relativistic action derived from the path integral framework. Finally, we consider the problem of a quantum Hall system in commutative space. We show that the problem can be mapped to the problem of a particle in a noncommutative plane in the presence of a magnetic field. The value of the noncommutative parameter can be computed explicitly and is found to be in agreement with the result for the commutator of the relative coordinates (projected to the lowest Landau level) in a magnetic field in the presence of a harmonic oscillator potential computed in [14] .
To begin our discussion, we present a brief review of the formalism of noncommutative quantum mechanics developed recently in [27] . It was suggested in these papers that one can give precise meaning to the concepts of the classical configuration space and the Hilbert space of a noncommutative quantum system. The first step is to define classical configuration space. In two dimensions, the coordinates of noncommutative configuration space satisfy the commutation relation
for a constant θ that we can take, without loss of generality, to be positive. The annihilation and creation operators are defined byb = 
where the span is taken over the field of complex numbers. Then one introduces the Hilbert space of the noncommutative quantum system, which is taken to be:
Here tr c denotes the trace over noncommutative configuration space and B (H c ) the set of bounded operators on H c . This space has a natural inner product and norm
and forms a Hilbert space [32] . An important notation that we adopt is the following. States in the noncommutative configuration space are denoted by |· and states in the quantum Hilbert space by ψ(x,ŷ) ≡ |ψ) to distinguish between them. A unitary representation of the noncommutative Heisenberg algebra in terms of operatorsX,Ŷ ,P x andP y acting on the states of the quantum Hilbert space (3) (assuming commutative momenta) is easily found to bê
The minimal uncertainty states on noncommutative configuration space (isomorphic to boson Fock space), are well known to be the normalized coherent states [33] 
where, z = 1 √ 2θ (x + iy) is a dimensionless complex number. These states provide an overcomplete basis on the noncommutative configuration space. Corresponding to these states, a state (operator) in quantum Hilbert space can be constructed as follows
which satisfyB
Writing the trace in terms of coherent states (6) and using | z|w | 2 = e −|z−w| 2 it is easy to see that
which shows that |z,z) is indeed a Hilbert-Schmidt operator. The 'position' representation of a state |ψ) = ψ(x,ŷ) can now be constructed as
We now introduce the momentum eigenstates normalised such that (p
which satisfy the completeness relation
We now observe that the wave-function of a "free particle" on the noncommutative plane is given by [29] (z,z|p) = 1 √ 2πh
The completeness relations for the position eigenstates |z,z) (which is an important ingredient in the construction of the path integral representation) reads
where the star product between two functions f (z,z) and g(z,z) is defined as
This can be proved by using (13) and computing
Thus, the position representation of the noncommutative system maps quite naturally to the Voros plane.
It is possible to decompose the star product ⋆ = e ← ∂z → ∂z by introducing a further degree of freedom (apart from constant factors)
The states |z, v) introduced above have the following additional properties
The overlap of the |z, v) states with the momentum eigenstates |p) reads
We introduce one further notational convention which we shall require later. For any operatorÔ acting on the quantum Hilbert space, we may define left and right action (denoted by subscripted L and R) as follows:
In this language, for instance, the complex momentaP may be written aŝ
In this way we have
Also, it is to be noted that the left and right operators commute with each other, sinceÂ LBR ψ =ÂψB =B RÂL ψ.
With the above formalism and the completeness relations for the momentum and the position eigenstates (12, 14) in place, we now proceed to write down the path integral for the propagation kernel on the two dimensional noncommutative plane. This reads (apart from a constant factor)
The Hamiltonian (acting on the quantum Hilbert space) for a particle in the presence of a potential on the noncommutative plane readsĤ
With this Hamiltonian, we now compute the propagator over a small segment in the above path integral (24) . With the help of (12) and (13), we have
Substituting the above expression in eq. (24), we obtain (apart from a constant factor)
where α = −( iτ 2mh + θ 2h 2 ). One can now carry out the momentum integral to obtain
Now using the fact that z j = z(jτ ) and z j+1 − z j = τż(jτ ) + O(τ 2 ) and taking the limit τ → 0, we finally arrive at the path integral representation of the propagator
where S is the action given by
Before proceeding further, we would like to point out that this form of the action looks very similar in structure to the action involving the auxiliary field considered in [29] . This can be realized by recasting the above action in the following form
The above action can be readily identified with the action involving the auxiliary field [29] . As a consistency check, we now quantize this theory to see whether one recovers the noncommutative Heisenberg algebra. To do this we first set v = v 1 + iv 2 and z = 1 √ 2θ (x + iy) to find that this is a constrained system with the following second class constraints
where the symbol ≈ 0 signifies weakly zero. Computing the Dirac brackets [34] yield
Replacing {., .} DB → 1 ih [., .] indeed yields the noncommutative Heisenberg algebra. The connection of the above propagator with the propagator in the |z)-basis (which has been derived in [29] ) can be shown in the following way. We note that the propagator in the |z)-basis is related to the propagator in the |z, v)-basis as
Setting v f = v 0 = v in eq. (28) and integrating over v,v leads to
From eq(s) (34, 35) , we get
(t) (36) which is the propagator in [29] . For the sake of completeness, we compute the free particle propagator in the |z, v)-basis. This reads
where T = t f − t 0 . To obtain the free particle propagator in the |z)-basis, we first set v f = v 0 = v and then use eq. (34) to get
This is precisely the result obtained in [29] and hence verifies the consistency of eq. (34). We now move on to demonstrate that the path integral formulation developed in [29] leads to a Chern-Simons quantum mechanics. To establish this link, we first write down the path integral representation of the propagator in the |z)-basis [29] (z f , t f |z 0 , t 0 ) = lim
where α = −(
. Using this value of α, it is easy to see that
Substituting the above relation in eq.(39) and taking the τ → 0, we get
The important point to note about this form of the action is thepṗ term. This is a Chern-Simons term in momentum space and is similar to thevv term arising in eq. (30) . Note that this term is purely of noncommutative origin and vanishes in the θ → 0 limit. Such a term has been considered earlier in [31] , however, it comes out naturally in our path integral formalism. It is also reassuring to note that imposing the second class constraints Λ 3 and Λ 4 strongly (which implies v = − ī h θ 2 p) and substituting this in the action (30) yields eq.(42). The above analysis can also be carried out for a particle moving in a magnetic field in the noncommutative plane. The path integral representation of the propagator in this case reads [30] (z f , t f |z 0 , t 0 ) = lim
Now using eq.(40) and the fact that z j = z(jτ ) and z j+1 = z j + τż(jτ ) + O(τ 2 ) followed by the τ → 0 limit leads to eq.(41) with the following form of the action
where
. This action derived here from a path integral framework is precisely the one written down in [31] . It is also interesting to note that the origin of the Chern-Simons term in momentum can be understood from the point of view of a Bopp-shift. This can be seen by writing down the action in the first order form (in commutative space)
Now replacing x i by the Bopp-shifted variablex i given bỹ
we get (with H =
This expression clearly shows that the action S gets augmented by the Chern-Simons term in momentum (which is of noncommutative origin) when the variable x i is Bopp-shifted. The action (42) can also be readily generalized to the relativistic case and reads
where τ is the proper time and λ(τ ) is the Lagrange multiplier enforcing the constraint p µ p µ + m 2 = 0. This form of the action has been considered earlier in [35] but arises here as a natural generalization of the non-relativistic form of the action (42) derived from a path integral approach. In [9] , a relativistic generalization of the action following from the non-relativistic form of the path integral was presented, however, the noncommutative term differed from the Chern-Simons form and appeared to be quadratic in the momentum.
We now proceed to show that the problem of a quantum Hall system in commutative space can be mapped to the problem of a particle in a noncommutative plane in the presence of a magnetic field. To proceed, we first write down the Hamiltonian of the quantum Hall system in the presence of a harmonic oscillator potential
where ω c is the cyclotron frequency and
Now eq. (23) points out that the operators a − and a + and their hermitian conjugates can be mapped to the noncommutative operators in the following way
since the additional degree of freedom v can be interpreted as a coherent state label in the space of Landau levels in a quantum Hall system [36] . The above mapping of operators can be justified from the fact that the right action operators B R , B ‡ R act on the additional degrees of freedom. The map between the operators can be used to map the commutative problem (49) to a noncommutative problem. The Hamiltonian of the corresponding noncommutative problem readsĤ
The action for this Hamiltonian can be easily computed from the result [28]
Substituting the form of the Hamiltonian in the above action and using eq. (23), we get
Putting the above form of the action in eq. (29) and integrating the additional degrees of freedom using eq. (30), we obtain the following form of the action in the |z) coherent state representation
This form of the action can be recast to the action for a particle in a magnetic field in a harmonic oscillator potential [30] 
with the following identifications
The above set of equations implyω
We would like to mention that similar identifications have also been noted earlier in the literature [1, 2, 12, 13] where they were found as rescalings from one set of parameters to another set of parameters. Settingm = m leads to the following value of the noncommutative parameter θ: 
where we have used the fact that ω << ω c in making a binomial expansion in the second line. This result has the same form as the result for the commutator of the relative coordinates (projected to the lowest Landau level) in a magnetic field in the presence of a harmonic oscillator potential computed in [14] . This gives a clear understanding of the noncommutativity in the lowest Landau level of a quantum Hall system from a path integral point of view.
We now summarize our findings. In this paper, using the recently proposed formulation of quantum mechanics on noncommutative plane, we derive the path integral representation of the propagation amplitude for a particle using coherent states having additional degrees of freedom. We show the relation of this amplitude with the propagator computed using coherent states without any additional degrees of freedom. We then demonstrate that the path integral formulation using coherent states on the noncommutative plane gives rise to a noncommutative Chern-Simons quantum mechanics. This is shown by deriving a phase-space representation of the path integral. This observation is new and is the main result in this paper. We also establish the connection of this Chern-Simons term in momentum (which is of noncommutative origin) with the Bopp-shift. Finally, we construct a map from the commutative quantum Hall system to a particle in a noncommutative plane moving in a magnetic field. This enables us to compute the value of the noncommutative parameter and we find that it agrees with the result for the commutator of the relative coordinates (projected to the lowest Landau level) in a magnetic field in the presence of a harmonic oscillator potential.
